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Abstract 

For £ e (0, 5), we denote by E% the perfect symmetric set associated to £, that is 

+00 

E t = { cxp (2»7r(l - J2 e «r _1 ) : e« = or 1 (n > 1)}. 

n=l 

Let s be a nonnegative real number, and T be an invertible bounded operator on a Banach 
space with spectrum included in E^. We show that if 



||T n || = 0(n s ), 
and ||T-"|| = 0(e" ), n -> +00 for some /? < 



log i - log 2 



21og± - log 2' 

then for every e > 0, T satisfies the stronger property 

||T- ,l || = 0(n s+ ' +£ ), n^+00. 

This result is a particular case of a more general result concerning operators with spec- 
trum satisfying some geometrical conditions. 

1 Introduction 

We denote by T the unit circle and by D the open unit disk. We shall say that a closed 
subset E of T is a i^-set if there exists a positive constant c such that for any arc L of T, 

supd(z,E) > c\L\, (K) 

where \L\ denotes the length of the arc L and d(z,E) the distance between z and E. Let E 
be a K-set. We set 

2tt 



log 

showed in [5] that condition (K) characterizes the interpolating sets for A+(T), s > (see 



We have 5(E) > ^- (see [2] section 5, proof of lemma 2 and corollary). E. M. Dyn'kin 
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section 2 for the definition of A+(T)). Let s be a nonnegative real number, and let T be an 
invertible operator on a Banach space. We show ( theorem 12. 3|) that if the spectrum of T is 
included in E and if T satisfies 

||T"|| = 0(n s ), n — ► +00 

and ||T" n || = O(e n0 ), n -> +00 for some (3 < ^ 



1 + 5(E) ' 

then for every e > 0, T also satisfies the stronger property 

||T^ n || =0(n s+ 5+ e ), (1) 

For £ G ^0, , we denote by Eg the perfect symmetric set associated to £, that is 

+00 

^ = {exp(2ivr(l-e)^e n r- 1 ) : e n = or 1 (n > 1)}. 

n=l 

log I — log 2 

We set b(£) = --, . We obtain (as a consequence of theorem 12. 3 j) that if the spec- 

2 log i - log 2 

trum of T is included in E^, \\T n \\ = 0(n s ), n — > +00 and ||T _n || = 0(e n/3 ), n — > +00 
for some /? < &(£), then T satisfies (^Q). Notice that J. Esterle showed in [B] that if T is a 
contraction on a Banach space (respectively on a Hilbert space) with spectrum included in 

Ei (respectively included in EA such that ||T~ n || = 0(e nl3 ), n — > +00 for some /3 < b(— ) 
- s M 11 v / 

(respectively f3 < &(£)), then sup ||T~ n || < +00 (respectively T is an isometry). Here q is an 

n>0 

integer greater than or equal to 3. 



2 Growth of powers of operators 

Let p be a non-negative integer. We denote by C P (T) the space of p times continuously 
differ entiable functions on T. We set 

a p (B) = {/ G CP(T) : f(n) = (n < 0)}, 
C°°(T) = f1 P > C p (T) and a°°(D) = fl^o^W- 

Let s be a nonnegative real number, we denote by [s] the nonnegative integer such that 
[s] < s < [s] + 1. We define the Banach algebra 

A S (T) = / 6 C J (T) : sup J ■ — < +00 \, 



2 



|/(H)(2)-/(W)(^)| 

equiped with the norm / . = / L Is w™ + sup : : — n -. We also define the 

ii iia s ii nci '(i) z ^i eT \z — z'\ s -l s \ 

subalgebra 

A S (T) = {/ G CW(T) : _ /(H)(z')| = o(k - *T _W ), \z - A -» o}, 

which we equip with the same norm. We also set 

A+(T) = {/gA s (T): f(n) = (n < 0)} 

andA+(T) = {/ 6 A S (T) : /(n) = (n<0)}. 

We remark that if s is an integer, A S (T) = A S (T) = C S (T) and so A+(T) = A+(T) = a s (B). 
We define 

N S (E) = {/ G A S (T) : / lj5 = ... = /(W)=0}, 
and set N+(E) = N S (E) n A+(T). 

Lemma 2.1. Lei s be a nonnegative real number. Then for all e > 0, we have the following 
continuous embedding 

A s+ x +£ (T) ^ A S (T). 

Proof. For s = 0, this is a result of Bernstein (see [S], p. 13). The general case is obtained by 
the same arguments. Let e > 0, and set s = s + \ + e. Let / G Ag(T). For h > 0, define 

P(h) = / |/(H)( e J (*- ft )) - /(H)( e *(*+ h ))| 2 dt. 



J o 

It follows from Parseval equality that 

+oo 

P(/ 1 ) = 8tt E | | 2 sin 2 (n/i). (2) 

Let jo be the smallest integer such that [s] < 2- ?0 and let j > jo. It follows from the relation 

, [S] X ^ 

/(W) (n) = ( J! ( n + k)) f(n + [s]) (n G Z) and from © that there exists a constant C\ > 
independent of / such that 

2 J+1 — 1 

> 4 E |7(n+[«D| 2 (l + H) aM Bin a (nfc). (3) 
1 [n[=2J 

Using the Cauchy- Schwartz inequality, we have 

2 J+i_i 2J +1 -1 l 2^ +1 -l i 

E |/(n + [s])|(i + N) s <( E |/(" + K)| 2 (i + H) 2[s1 )"( E (i + H) 2s - 2[s] ) 5 (4) 

|n|=2J |n|=2J' n=2i 
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7T ■ ■ 7T 27T 

Set /i = 7. For all integers n such that 2 J < Inl < 2- ?+1 — 1, we have — < \nh\ < — , and 

3.2J -ii- » 3 3 

so sin 2 (nh) > — . So, we deduce from © that 

23+1-1 j 

7T I 



( E l/(« + K)l 2 (i + H) 2[s1 ) 3 <^(^j) 

|n|=2i 
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Then, as / £ Ag(T), we have 
so that 

2 j+i_i 



E |/(« + [«1)fti + H) 2M ) J ^^(^II/IIa,^)^- (5) 

|n|=2J 

Furthermore, there exists a constant C% > such that 

2 J+1 — 1 i 

( £ (l + \n\) 2s - 2 ^y <C 2 2 j ( s -^). (6) 

|n|=2J 

Finally we deduce from (j3J) and the inequalities ® and © that there exists a constant 
C3 > independent of / such that for all j > jo, 

33 + 1-1 

E + ^dk 1 + nr ^ 2J ' (s_s+ ^ )c, 3ii/ii As = 2- £ ^ 3 ||/|| Ag . 

\n\=2i 

Summing over j > jo these inequalities, we get 



|n|>23'o 

On the other hand, we have |/(n)| < ||/|| A . for every n € Z. So, since jo is independent of 
/, there exists a constant if > (independent of /) such that 

II/IL<^II/|Ia s 

□ 

Before giving the main theorem of the paper, we need the following lemma. 
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Lemma 2.2. Let E be a closed subset of T. We assume that there exists 5 > for which 



2it i 



„ x dt < +oo. Let 8 < and let T be an invertible operator on a Banach 

o d{e lt ,EY 1 + 5 

space with spectrum included in E that satisfies 

||T n || = 0(n s ), n — » +oo ( for some nonnegative real s) 
and \\T- n \\ =0(e n/9 ), +oo, 

Then there exists an outer function f € CL°° (D) which vanishes exactly on E and such that 
f(T) := Z f(n)T n = 0. 

n=0 

Proof. Let u> be the weight defined by u>(n) = \\T n \\ (n G Z). Let $ be the continuous 
morphism from A^iT) to C{X) defined by 

+oo 

d>(/) = /(T)= f^ Tn {feMV)- 

n=—oo 

Since the algebra A U (T) is regular, we have {zdT: /(z) = (/ € Ker $)} C E (see (7j, 
theorem 2.5), and so J W {E) C Ker Then the result follows from lemmas 7.1 and 7.2 of 

u □ 

Theorem 2.3. Let E be a K-set, and let s be a nonnegative real number. Then, any invertible 
operator T on a Banach space with spectrum included in E that satisfies 



\T n \\ = 0(n s ), n^+oo 



and \\T- n \\ =0(e nrJ ), n ^ +oo for some 8< ^ 



1 + 5(E) ' 
also satisfies the stronger property 

\\T- n \\ = 0(n s+ ^ +£ ), n^+oo, 

for all e > 0. 

Proof. Let e > and set s = s + \ + e. Without loss of generality, we may assume that s 
is not an integer. Let t a real number, which is not an integer, and satisfies s + | < t < s 
and [t] = [§]. According to lemma l2~Tl we can define a continuous morphism <3? from Aj (T) 
to C{X) by 

+oo 

*(/) = /(r) = E/(n)T» (/€A+(T)). 

n=0 

Let I = Ker $, J is a closed ideal of AJT (T). We denote by 5/ its inner factor, that is the 
greatest common divisor of all inner factors of the non-zero functions in / (see P-85), and 
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we set, for < k < [t], h k (I) = {z € T : f{z) = ... = f^{z) =0 (/ G I)}. 
F. A. Shamoyan showed in ^2] that 

I = If e A t +(T) : S(I)\S(f) and = on /i fc (/) for all < k < [t]}, 

where denotes the inner factor of / and S(I)\ S(f) means that S(f)/S(I) is a bounded 

holomorphic function in D. Since /3 < — „,„. . there exists < 5 < 5(E) such that 

I + 6(E) y ' 

5 f 2w 1 

3 < -. We have, by definition of 5(E), / - ., —rr dt < +oo. So we deduce from 

H 1 + 5 Jo d(e^,E) 5 

lemma that there exists an outer function / £ CJ°°(D) which vanishes exactly on E and 
such that f e I. Therefore, we have S(I) = 1 and h°(I) C E, so that N+(E) n A t (T) C A 
Now, as A^"(T) C Xf(T), we can define a continuous morphism \& from A^(T) to C(X) by 
\P = $i . Using what precedes, we have 

'AT (I) 

Nf(E) C Ker ^. 

So there exists a continuous morphism ^ from A^~(T) /Nf(E) into such that \& = tyonf , 
where 7r^~ is the canonical surjection from A^(T) to Af(T)/N^~(E). Since E is a A-set, by 
a theorem of E. M. Dyn'kin [2J, it is an interpolating set for A^~(T), so that the canonical 
imbedding i from A±(T)/A-+(A) into A~ S (T)/N S (E) is onto. We have, for n > 0, 

T- n = ^or 1 o7r 5 (a- n ), 

where 7rg denote the canonical surjection from Ag(T) to Ag(T)/Ns(E) and where a : z —* z 
is the identity map. So we have, for n > 0, 

||T- n || < ||*oi~ 1 ||||7r s (a- n )|| A8 
< ||^ o * -1 ||(l +n) s , 

which completes the proof. □ 

We give two immediate corollaries of this theorem. 

Corollary 2.4. Let £ E (0, ^) and let s be a nonnegative real number. Then, any invertible 
operator T on a Banach space with spectrum included in E^ that satisfies 

\\T n \\ = 0(n s ), n ^ +oo 
and \\T~ n \\ = 0(e nl3 ), n -> +oo for some 3 < 6(f), 

also satisfies the stronger property 

\\T-' l \\ =0(n s+ ^ +£ ), n^+oo, 

for all e > 0. 
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Proof. It is well known that Eg is a i^-set (see proposition 2.5 of [H]). Moreover, Eg satisfies 

2n 1 log 2 f 2n 1 

— — -rdt < +oo if and only if 5 < 1 + -. Indeed, the condition / - ., — - , dt < 

d(e lt ,E) s J log£ J d(e lt ,E) s 

+oo is equivalent to ^ ^ \^-"n,i\ > where L n ^ are the arcs contiguous to Eg, and \L n A 

n=l i=l 

are their length, which is equal to 27r£ n ~ 1 (l — 2£) (see |1D| for further details). Then it is 

easily seen that the last series converges if and only if 5 < 1 + °^ , so 5 (Eg) = 1 H — . 

log£ log^ 

Now, the result follows immediately from theorem 12.31 □ 

Then we obtain an other immediate result, which generalizes theorem 4.1 of |3j. Indeed, 
the condition "||r~ n || = 0(e n ),n -> +oo" which appears in the following corollary is 
weaker than the condition used by the authors of 3 . 

Corollary 2.5. Let E be a K-set, and let s be a nonnegative real number. Then, there exists 
a constant (3 > independent of s such that any invertible operator T on a Banach space 
with spectrum included in E that satisfies 

\\T n \\ = 0(n s ), n — ► +oo 
and \\T- n \\ = O(e n0 ), n -> +oo, 

also satisfies the stronger property 

\\T- n \\ =0(n s+ ^ +£ ), n^+oo, 

for all e > 0. 

Proof. As E is a K-set, we deduce from j2] (section 5, corollary) that 5(E) > 0. Then the 
result follows immediately from theorem 12.31 with any (3 < j^rb ■ D 

Remark 2.6: 

1) Some results concerning operators with countable spectrum are obtained in ^Hj and in pQ. 
Let E be a closed subset of T and let s, t be two nonnegative reals. We denote by P(s, t, E) 
the following property: every invertible operator T on a Banach space such that SpT (Z E 
and satisfies the conditions: 

||T n || =0(n s ) (n^+oo) 

||T- n || = 0(e £ ^) (n -» +oo), for all e > 0, 

also satisfies the stronger property 

||T- n || = O(n') (n -» +oo). 

M. Zarrabi showed in |13j (theoreme 3.1 and remarque 2. a) that a closed subset E of T 
satisfies P(0, 0, E) if and only if E is countable. Notice that E is called a Carleson set if 

/ it tt\ ^ ^ +°°- If -E is a countable closed subset of T, we show in that the 

Jo d(e l ,E) 
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following conditions are equivalent: 

(i) there exist two positive constants C\, C2 such that for every arc J C T, 

m/'° g+ 5(3b) dl£Cllog lT| +C2 ' 

(ii) E is a Carleson set and for all s > 0, there exists t such that P(s,t,E) is satisfied. 
For contractions with spectrum satisfying the Carleson condition, we can see jllj . 

2) When £ = — , the constant b(— ) in corollary 12.41 is the best possible in view of jOj, 
q q' 

where the authors built a contraction T such that lim log T~ n = +00, SpT C Ei and 

n— >+oo MM 9 

log ||T~ n || = 0(n fe ^). According to theorem 6.4 of j4, T doesn't satisfy ||T~™|| = 0(n s ) 
for any real s > 0. 
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